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studying (exotic) hadrons with lattice QCD 2

but, intention is to be as rigorous as possible

not concerned with precision, or even direct comparison with experiment at this stage

answer a simpler question: “what kinds of hadrons does QCD admit? with what properties?”

where possible obtain definitive statements about the QCD spectrum

really “a” QCD spectrum,  
because we can freely vary the quark masses 
and in practice in many cases we will want to compute with heavier 

“as rigorous as possible”?

yes, excited states should appear as they actually are, as unstable resonances

⇒ we’d like to study scattering amplitudes

so you know in advance that 
it is going to get complicated:
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“simpler” calculations with ψΓD…Dψ operator basis 3
_
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calculations with ψΓD…Dψ operator basis 4
_
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but this doesn’t meet my criterion: as rigorous as possible

most of these states are actually resonances
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excited states as unstable resonances 5

a.k.a. “Lüscher method”

need to compute the complete spectrum of eigenstates in the relevant energy regions

practically: supplement qq-like operators with meson-meson-like operators
_

the discrete spectrum in a finite-volume can be rigorously related to the scattering matrix

(relatively) easy case: elastic scattering
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an elastic resonance — the ρ in ππ (isospin=1) 6
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has become a common quantity  
to compute in lattice QCD …
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excited states as unstable resonances 7

in the case of coupled-channel scattering it’s more challenging …

e.g. some energy region where ππ, KK accessible
_
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lattice QCD  
gives you thisyou want to  

know this

an approach:  
parameterize the energy dependence  
of the scattering matrix

an important observation  
— not like experiment  
— can’t study ‘channel-by-channel’ 
— all channels contribute, have to solve the ‘whole problem’
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coupled-channel scalar mesons 8

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave
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coupled-channel scalar mesons 9

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave
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coupled-channel scalar mesons 10

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave
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coupled-channel scalar mesons 11

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave

i s o s p i n =0  ππ ,  KK ,  ηη
_
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coupled-channel scalar mesons 12

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave
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coupled-channel scalar mesons 13

scalars easiest ‘technically’ (not easiest physics) - 0− 0− in S-wave
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coupled-channel scalar mesons 14
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… very nice, but where are the resonances ?

we need to look for pole singularities of t(s)

(recall the mantra: “as rigorous as possible”)
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resonances are poles at complex energy 15
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(i.e. more complicated initial state)
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coupled-channel scalar mesons 16
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coupled-channel scalar mesons 17
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coupled-channel tensor mesons 18
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scattering with other than pseudoscalars 19

e.g. ω stable (or very narrow)  
down to rather low quark mass

at mπ~391 MeV can study πω scattering 
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so where are the hybrid mesons … ? 20

why calculate with heavy quark masses ? 

remember the f.v. spectrum depends upon all open channels, 
and three-meson and higher thresholds will open 

     e.g. lightest π1 resonance

e.g. at physical quark mass 
if m ~ 1600 MeV > 11 mπ
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learning about the unstable π1 ? 21

for the first attempt at this, work with u=d=s all at approx the physical strange mass mπ~700 MeV

exact SU(3) flavor symmetry — octets & singlets
e.g. mπ = mK = mη8

η8 ~ 700 MeV 

η1 ~ 960 MeV

ω8 ~ 1020 MeV 

ω1 ~ 1030 MeV

f18 ~ 1520 MeV    h18 ~ 1550 MeV

s t a b l e  h a d r on s

a rX i v : 2 009 . 10034
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finite-volume spectrum with JPC = 1−+ 22

1676

1769

1862

1955

2048

2141

2234

η1η8   ~ πη′

ω8η8   ~ πρ

 ~ ωρω8ω8 
ω8ω1

f18η8   ~ πf1, ηa1

h18η8  ~ πb1

?

even this simplified case is very challenging: 

— moving frames impractical (other JPC)  
— at least 8 coupled channels

a rX i v : 2 009 . 10034

calculation with only ψΓD…Dψ
_
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finite-volume spectrum with JPC = 1−+ 23
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JPC = 1−+  scattering amplitudes 24
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a resonance pole 25
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a crude extrapolation to physical quark mass … 26
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the state of the art 27

attempting a rigorous approach to study QCD  
… but currently often at the wrong light quark mass

to study more resonances, and to go to lighter pions, need three-body decays

learning about internal structure of resonances — couple to external currents

emphasis so far on  
meson resonances in coupled-channel meson-meson scattering 

non-obvious scalar mesons 
conventional vectors & tensors 
axial b1 

1−+ hybrid

more complicated formalism, currently being tested
arX i v : 2 009 . 04931

see also  
PRL122 062503 (2019) 
PRL123 142002 (2019)

maybe distinguish ‘molecules’ by large spatial size ? 
maybe even compute parton distributions for resonances ?
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28
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resonances illustrated in quantum mechanics 29
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resonances lie in the continuous spectrum of scattering states
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resonances in a finite volume ? 30

E
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x

E
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but in a periodic volume …
E

discrete 
spectrum

<latexit sha1_base64="+bqiXeKZ7FdHiZOpyfThhFTQ6pk="></latexit>

applying the boundary conditions

solved by discrete
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finite-volume spectrum → infinite volume scattering amplitudes 31

conceptually the same idea applies in 3+1 dim quantum field theory

some technicalities associated  
with mismatch between rotational symmetry  
and a cubic spatial boundary 

“the Lüscher method”

r e ce n t  pe da gog i c  r e v i e w



light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass

non-resonant elastic scattering — π+π+ (isospin=2) 32
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repulsive scattering, no resonances
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increasing total momentum

Cohen  1 972
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an elastic resonance — the ρ in ππ (isospin=1) 33
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an elastic resonance — the ρ in ππ (isospin=1) 34
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ππ isospin=0 35
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )
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coupled-channel resonances 36

most resonances can decay into more than one final state

e.g.

elastic 
resonance
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coupled-channel 
resonances
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resonances aren’t always bumps 37

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

ππ KK
_

ηη
ππ
KK

_

ηη

experimentally  
quite difficult to fill out 
the whole t-matrix

normalization of ππ→KK 
slightly uncertain …

isolating kaon exchange hard 
& η beams don’t exist
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ρ pole with changing quark mass from lattice QCD 38
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experimental a0(980) in πη 39

KK threshold
_ KK threshold

_
KK threshold

_

right at the KK threshold
_
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coupled-channel scattering from lattice QCD ? 40

one possible approach — mimic ‘ideal’ experiment: determine  
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for real energies

scattering matrix determines the finite-volume spectrum:

maybe can then be analytically  
continued to complex energies 
to find poles ?

a generalized Lüscher equation

for a given scattering matrix, has a discrete set of solutions

<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>
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the finite-volume spectrum

one approach:  

 — parameterize the energy dependence of t(E) 

 — solve  

 — compare ‘model’ spectrum to lattice spectrum …
<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>

ensure important features are independent of 
parameterization details by varying parameterization …
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πη/KK scattering in lattice QCD 41

_
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πη/KK scattering in lattice QCD 42

_
mπ ~ 391 MeV PRD 9 3  0 9 4 5 0 6  ( 2 0 1 6 )
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a good description of the finite-volume spectrum 43
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πη/KK scattering in lattice QCD 44

_
PRD 9 3  0 9 4 5 0 6  ( 2 0 1 6 )

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 1000  1050  1100  1150  1200  1250  1300 / MeV

something significant 
at KK threshold

_

is there a resonance causing this ?
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examine the amplitude for nearby poles …
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continue the amplitude into the complex plane 45
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continue the amplitude into the complex plane 45
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ππ, KK, ηη scattering 46

ππ→ππ

ππ→KK
_

ππ→ηη

_

expe r imen ta l  amp l i t ude s

combination of broad σ resonance  
and narrow f0(980) at KK threshold

_

two low lying resonances …
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ππ, KK, ηη scattering in lattice QCD 47

782 1098 1174

ππ ηηKK
_
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ππ, KK, ηη scattering in lattice QCD 48PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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a good description of the finite-volume spectrum 49
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ππ, KK, ηη scattering in lattice QCD 50PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

mπ ~ 391 MeV 
mK ~ 549 MeV 
mη ~ 587 MeV
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ππ, KK, ηη scattering in lattice QCD 51PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

mπ ~ 391 MeV 
mK ~ 549 MeV 
mη ~ 587 MeV

_
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ππ, KK, ηη scattering in lattice QCD 52PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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πω scattering 53

except at very low quark masses, the ω is a stable state

the non-zero spin of the ω introduces new features, e.g.
<latexit sha1_base64="FAQEwdZImWY+todYd7V6nCuBMYc="></latexit>
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in two partial-waves

expect a b1 resonance

in the quark model it’s the ud(1P1) state
_
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πω/πφ scattering 54
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coupling resonances to currents 55

0
0

0

0.08

2.5

0.16

0.24

0.2 0.4 0.6 0.8

0 0.2 0.4 0.6 0.8

−2.5

2.0 2.1 2.32.2 2.4 2.5

2.0 2.1 2.32.2 2.4 2.5

2.0

0

0
50
100

4.0

6.0

534 pt

4 pt

0.7 0.8 0.9 1.0 1.1
0

5

10

15

π

π
γ*

γ*

π

π

π
<latexit sha1_base64="bAyOHKTOI6C2O67ktXIscwaccMU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkFHRZEcFlC/YBTQyT6aQdOpmEmYlQQjZu/BU3LhRx6z+482+ctF1o62EGDufcy733+DGjUlnWt1FYWV1b3yhulra2d3b3zP2DjowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98XXudx+IkDTid2oSEzdEQ04DipHSkmceOyFSI4xYepVVbrzUial+2Tls3dfOPLNsVa0p4DKx56QM5mh65pcziHASEq4wQ1L2bStWboqEopiRrOQkksQIj9GQ9DXlKCTSTadXZPBUKwMYREJ/ruBU/d2RolDKSejrynxnuejl4n9eP1HBpZtSHieKcDwbFCQMqgjmkcABFQQrNtEEYUH1rhCPkEBY6eBKOgR78eRl0qlVbatqt+rlRn0eRxEcgRNQATa4AA1wC5qgDTB4BM/gFbwZT8aL8W58zEoLxrznEPyB8fkDMgeXqA==</latexit>

<latexit sha1_base64="s3HOf57taoueriEEm/e9Q0sP5Dc=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKeiyIIrLCvYB7TBk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2npIuIdz7iU3J0g4U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxlczv/NApWKxuNeThHoRHgoWMoK1kXy7fOP3E1a99jNTzJme+XbFqTlzoFXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LptNRPFU0wGeMh7RkqcESVl81Xn6JTowxQGEtzhUZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh5dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzOyKyAhLTLRJq2RCcJe/vEra5zXXqbl39UqjnsdRhGM4gSq4cAENuIUmtIDAIzzDK7xZT9aL9W59LFoLVj5zBH9gff4AhqyTeA==</latexit>

Feng et al | u,d,s | mπ~290 MeV

PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

γ *  →  ππ
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Bulava et al | u,d,s | mπ~280 MeV
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γ *π  →  ππ

Briceno et al | u,d,s | mπ~391 MeV
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what do you calculate 56

calculate correlation functions

e.g.
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where the operators are constructed from quark and gluon fields 
and have the quantum numbers of the hadronic system you want to study
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a superposition of the (finite-volume) eigenstates of QCD

— use a large basis of operators* 
— form a matrix of correlation functions 
— diagonalize this matrix

powerful approach: [ 0 00 ]  A 1+  2 4 3
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* could give a whole interesting talk on the 
construction of these operators 

e.g.
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operator basis — I=0 ππ, KK, ηη 57

operator basis:     ‘single-meson’                +     ‘meson-meson’

( & if you like, 
    tetraquark & … )

maximum momentum  
guided by non-interacting 
energies

solutions of the det equation 
when t = 0

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s
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operator basis 58

operator basis:     ‘single-meson’                +     ‘meson-meson’

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s
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sampling the whole 
lattice volume

prefer to use  
optimized single-meson operators …
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some technical stuff — ‘meson-meson’-like operators 60
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‘dropping’ ops in ρ→ππ 61
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what’s happening here ? 62

focus on the lowest two states
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quark mass dependence of σ meson 63
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elastic part of the calculation also done on a lighter quark mass

ππ  i s o s p i n = 0  e l a s t i c  s c a t t e r i n g
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σ  p o l e  s i n gu l a r i t y

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )

evolves from a bound-state 
to a broad resonance as the  
pion mass decreases
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σ pole scatter from experimental phase-shift data 64
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σ bound state — elastic and subthreshold region 65
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Weinberg compositeness criterion — σ at mπ~391 MeV 66
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with corrections whose size is set by  
the range of the interaction

Z=1 compact state 
Z=0 a ππ molecule

relates scattering length, effective range  
to compositeness measure, Z
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σ→ππ coupling from the pole residue 67
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resonance becomes a virtual bound state 
near mπ~350 MeV … 

… then a bound state near mπ~420 MeV

“the exact mπ value when  
this happens is not very reliable” 

PRD 8 1  0 5 4 0 3 5  ( 2 0 1 0 )

J.R. Pelaez …



light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass

coupled-channel Riemann sheet structure 69

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Re[s]

Im[s]

sheet IV
sheet I

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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poles on different sheets 70

the distribution of poles across sheets  
does have visible effects 

physical
scattering

‘BW-like’  
below KK thresh.

‘BW-like’  
above KK thresh.

one-pole  
sheet II

one-pole  
sheet IV

and there are (model-dependent) suggestions that  
the distribution is related to the resonance structure
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principal correlators — πη/KK 71
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principal correlators — πη/KK 72
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operator overlaps — πη/KK 73
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a0 resonance at mπ~391 MeV 74

see also 
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a0 resonance at mπ~391 MeV 75
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unique to that one parameterization ? 76

20 parameterization variations 
(many more considered)
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state

resonance

“σ”
“f0”

K-1 as matrix of polynomials, 
K as matrix of polynomials, 
K as pole plus matrix of polynomials, 
simple versus Chew-Mandelstam phase-space …

keep choices that can describe 
spectra with good 

apologies for jump to lattice units



light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass

sheet structure 77
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amplitude in the vicinity of the KK threshold 
appears to be dominated by a sheet II pole

_

σ
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ππ/KK extras — f0 couplings 78
_
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ππ, KK, ηη scattering 79
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pole counting & Jost amplitudes 80
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do we really need the sheet III pole ?

Jost functions allow us to directly control the pole distribution …
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f0, a0 similarities ? 81
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masses similar widths a little different

but channel couplings quite similar ?
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main difference is the larger phase-space for ππ compared to πη

can explore the effect using the simple Flatté amplitude

Flatté denominator

has zeros at
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ππ, KK, ηη scattering — JP = 2+ 82

_

D -wave  amp l i t ude s  &  po l e s

 0.2
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 1

 800  1000  1200  1400  1600

-200
-150
-100

-50

mπ ~ 391 MeV 
mK ~ 549 MeV 
mη ~ 587 MeV

a demonstration of the OZI phenomenology 
for dominantly uu+dd , ss like states … 

_ _ _

PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

in this case uncontrolled  
(but justified?) approximation 
of neglecting ππη, ππππ
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f2 resonances — decay couplings & OZI 83
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couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’
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ππ/KK extras — f2 couplings 84
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Luescher finite-volume functions 85

“spinless” Luescher functionsto respect the lattice symmetries,  
need to subduce into irreducible representations
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zeroes of the determinant 86

e.g. a two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box

Re[det]

Im[det]
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mπ = 300 MeV 
mK = 500 MeV
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some technical stuff — rotational symmetry 87

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

for non-zero momentum it’s even worse  
— in continuum have little group, those rotations which don’t change p

simpler example of the problem: a rotationally symmetric two-dim system

now considered on a square grid — minimum rotation is by π/2

m and m+4n transform the same !

cubic 
symmetry

subduction 

PRD 8 5  0 1 4 5 0 7  ( 2 0 1 2 )

⇒ label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry
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some technical stuff — rotational symmetry 88

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as 

should actually be 

which when subduced becomes

features all ℓ subduced into irrep Λ

what allows us to make progress is that at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some ℓmax …

n = embedding of ℓ into Λ 
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1
+ irrep (ℓ = 0, 4 …)
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1
+ irrep (ℓ = 0, 4 …)

diagonal in channel space 
— no dynamics

dense in angular momentum 
— cubic symmetry lives here
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below closed thresholds 90

• multiple possible scattering channels (still just spin-0—spin-0)

- the quantisation condition is

e.g.

- must we include all possible channels ?

no, only channels which are kinematically open, or 
close to opening

e.g. two-channels, S-wave

well below  
threshold 2 elastic  

condition
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coupled-channel scattering 91

now need a partial-wave  
scattering matrix

ππ KK
_

ηη
ππ
KK

_

ηη
e.g. time-reversal 

symmetrizes

now multi-channel unitarity
<latexit sha1_base64="/GNF5la7fxNCR9uEsLZS5w23K2I="></latexit>

K-matrix approach 
guarantees unitarity

e.g.
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Chew-Mandelstam phase-space 92

• equal mass case

subtracting at 
threshold

• unequal mass case
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“production” of ππ (as opposed to scattering) 93
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can ‘look’ drastically different to scattering !
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“production” of ππ (as opposed to scattering) 94
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… same poles (σ, f0(980)) — different couplings …
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f0(980) as a peak in “ss” production 95
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f0(980) as ? 96
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S—wave ππ production 97
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dominated by π exchange 
— looks like the the 1970s  

elastic phase-shift data

other (non-π) exchanges  
becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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πK elastic scattering at four light quark masses 98
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πK elastic scattering at four light quark masses 99
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πK elastic scattering at four light quark masses 100
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πK elastic scattering at four light quark masses 101
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tetraquarks ? 102
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πω scattering 103

at mπ~391 MeV, the ω is a stable meson
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at low energies, a coupled πω, πφ scattering system …
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πω scattering — with ‘ρη’, K*K 104
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